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Abstract 

We prove the conjectural relation between the Stokes matrix for the 
quantum cohomology of X and an exceptional collection generating 
D b coh(X) when X is a smooth cubic surface. The proof is based on 
a toric degeneration of a cubic surface, the Givental's mirror theorem 
for toric manifolds, and the Picard-Lefschetz theory. 



1 Introduction 

Let X be a smooth cubic surface in P 3 . It is a rational surface obtained by 
blowing up P 2 at six points. Let 

: X -> P 2 

denote this blow-up. For a given d G H 2 (X] Z), let 

n(d) = [ c x (TX) - 1 

be the expected dimension of the moduli space of stable maps of genus zero 
and degree d and 

N d = (b*],...,H))o,d 

n(d) times 

be the Gromov-Witten invariant, where [pi] denotes the Poincare dual of 
the homology class of a point. When n(d) > 0, Nd is the number of nodal 
rational curves in X of degree d passing through n(d) points in general 
position. Although it is possible to count Nd by elementary method when 
the degree d is small, the difficulty grows rapidly as d increases. 
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The theory of Gromov-Witten invariants gives a new perspective to this 
classical problem of counting Na in enumerative geometry. Instead of con- 
sidering NdS individually, one can treat them as a whole by the following 
generating function on the cohomology ring H*(X; C): 



<s>(t ,...,t 8 ) = -t 2 t 8 + t (tl-tl *?)+ J2 Ndqd Mv: W 

Here, t , ti, t 2 , ■ ■ ■ , t 7 , t 8 are coordinates on the total cohomology ring H*(X; C) 
of X corresponding to the basis [X], [H], [Ei], . . . , [E 6 ], [pt] of H*(X; C), where 
[X] denotes the dual of the fundamental class of X, [H] that of the hyper- 
plane class, and [Ei] that of the exceptional divisor for i = 1,...,6, and 
q d = exp[(d, exp[(d, [E x ])t 2 ] ■ ■ -exp[(d, [E 6 ])t 7 ]. Then, this $ endows 

H*(X; C) with the structure of a Frobenius manifold. 

A Frobenius manifold is a complex manifold whose holomorphic tangent 
bundle has a bilinear form and an associative commutative product structure 
satisfying a series of axioms. In the case of a Frobenius manifold coming from 
the Gromov-Witten invariants of a smooth projective variety, the bilinear 
form is given by the Poincare pairing, and the structure constant of the 
product structure is given by the third derivative of the generating function 
$. This product structure is called the quantum cohomology ring, whose 
associativity gives a highly non-trivial non-linear differential equation for 
$, called the WDVV (Witten-Dijkgraaf-Verlinde-Verlinde) equation, which 
sometimes determines all the genus-zero Gromov-Witten invariants from a 
finite numbers of them [22] • 

An important point in the theory of Frobenius manifolds is its connection 
with isomonodromic deformations. Given a Frobenius manifold, one can 
construct an isomonodromic family of ordinary differential equations on P 1 
of the following form: 

fi f + >0-v(y) = o, P) 

dY d 

Here, Y is an unknown function on P 1 times the Frobenius manifold taking 
value in the tangent bundle of the Frobenius manifold, h is the coordinate on 
P 1 , N is the dimension of the Frobenius manifold, {t a }a=o is the flat coordi- 
nate of the Frobenius manifold, o denotes the product on the tangent bundle, 
and U, V are certain operators acting on sections of the tangent bundle. (J2J) 
is an ordinary differential equation on P 1 with a regular singularity at infinity 
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and an irregular singularity at the origin, and Q gives its isomonodromic 
deformation. If a point on the Frobenius manifold is semisimple, i.e., if there 
are no nilpotent elements in the product structure on the tangent space at 
this point, one can define the monodromy data of (J2J) at this point, consisting 
of the monodromy matrix at infinity, the Stokes matrix at the origin, and 
the connection matrix between infinity and the origin. These data do not 
depend on the choice of a semisimple point because of the isomonodromicity. 

The following conjecture, originally due to Kontsevich, developed by Za- 
slow [2Ej, and formulated into the following form by Dubrovin reveals a 
striking connection between the Gromov-Witten invariants and the derived 
category of coherent sheaves: 

Conjecture 1. The quantum cohomology of a smooth projective variety X is 
semisimple if and only if the bounded derived category D b coh(X) of coherent 
sheaves on X is generated as a triangulated category by an exceptional collec- 
tion (£i)f =l . In such a case, the Stokes matrix S for the quantum cohomology 
of X is given by 

S H = ^(-l) fc dimExt fe (^,^). (4) 

k 

An exceptional collection appearing above is the following: 
Definition 2. 1. An object £ in a triangulated category is exceptional if 

ExtHS £) = { C if 1 = °' 

[0 otherwise. 

2. An ordered set of objects (£i)fLi m a triangulated category is an excep- 
tional collection if each £i is exceptional and Ext fc (£j, £j) = for any 
i > j and any k. 

Conjecture H] was previously known to hold for projective spaces [TT] . [TTj 
and Grassmannians [21]. The main result in this paper is: 

Theorem 3. Conjecture^ holds for smooth cubic surfaces in P 3 . 

To prove Theorem^ we first use the deformation invariance of the Gromov- 
Witten invariants to reduce the problem to the case of a toric surface Y 
defined in Section El obtained by bringing some of the blowing-up centers to 
infinitely-near points. Then we can use the Givental's mirror theorem [TK] . 
which gives an integral representation of the fundamental solution to (j2J, (jSJ) 
for Y of the following form: 

>(x,y;h)exp{W(x,y)/h}^—^ (5) 
r X U 
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Here, (p(x, y\ K) is a certain H*(Y; C)-valued function of x, y, h and the 
flat coordinate {t a }^ =0 , and W (x, y) is a Laurent polynomial of x and y whose 
coefficients depend on the flat coordinate. V runs over certain cycles in (C x ) 2 
depending on h and flat coordinate, which are descending Morse cycles for 
9\z[W(x,y)/h] for a suitable choice of a metric on (C x ) 2 . 

Since the integrand in (jSJ) is single-valued, the monodromy of the integral 
comes solely from the monodromy of the integration cycle T, which is deter- 
mined by intersection numbers of vanishing cycles by the Picard-Lefschetz 
theory. This gives the left-hand side of (JH). On the right-hand side, one can 
find an exceptional collection generating the derived category of coherent 
sheaves on Y by combining the theorems of Beilinson jl] and Kapranov- 
Vasserot [21]. The Ext-groups between them can be computed explicitly, 
and exhibit a complete agreement with the result on the left-hand side. 

Acknowledgements: We thank H. Iritani for patiently explaining mir- 
ror symmetry for toric manifolds. We also thank A. Ishii, T. Kawai, H. 
Kawanoue, H. Nasu, K. Saito, A. Takahashi, and H. Uehara for valuable 
discussions and comments. The author is supported by JSPS Fellowships for 
Young Scientists No. 15-5561. 

2 Frobenius manifold and Stokes matrix 

We review the relation between Frobenius manifolds and isomonodromic de- 
formations in this section. See, e.g., jH], [Hj, [IE], [IE], [2H] for more details. 

Definition 4. A Frobenius manifold is a quintuple (M, o, e, E, g) satisfying 
the following axioms: 

1. M is a complex manifold. 

2. g : Tm <8> 7m — » Om is an C?M-bilinear form. 

3. o : Tm ® Tm — > Tm defines an associative commutative OAf-algebra 
structure on Tm- 

4. g(X oY,Z) = g(X, Y o Z) as an C M -linear map T M ®T M ® T M — > O m 
(the Frobenius property). 

5. g is flat, i.e., the Levi-Citiva connection V associated to g is flat. 

6. The (3, l)-tensor Vo is totally symmetric (the potentiality condition). 

7. e G T(M, Tm) is an identity element for o. 
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8. e is flat, i.e., Ve = 0. 

9. E e r(M,T M ) satisfies 



WE = 0, (6) 



Lie B (o) = o, (7) 
and there exists a complex number D such that 

Ue E (g) = Dg. (8) 



Here, O m is the structure sheaf of M, T M is the tangent sheaf of M, and 
Lieg is the Lie derivative with respect to the vector field E. We call g the 
metric, E the Euler vector field, and D the charge of the Frobenius manifold 
M. 

Let N denote the dimension of M. Since g is flat, there exists a local 
coordinate {t a }a=o on M, called the flat coordinate, satisfying 

g(d a , d b ) = r] ab 

which is unique up to afline transformations. Here, r] a b is a constant matrix 
and 

dt a 

Since the identity vector field e is flat, we can choose the flat coordinate 

{t a }a=0 SO that 

e = 8q. 

Let be the structure constant of the product o in the flat coordinate: 

N-l 



d a od b = J2K b d, 



c- 

c=0 



Then the potentiality condition is that 

JV-l 

Yl Vaed b ^ e cd 



e=0 



is totally symmetric with respect to a, b, c, d. From this condition, it follows 
that locally on M, there exists a holomorphic function $ such that 



AT-l 



^2vadK = d a d b d c ^. (9) 



d=0 
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This function $ is called the potential of the Frobenius manifold M. Note 
that 

Vab = d d a d b $ 

follows from the Frobenius property. 

The associativity of o gives the following WDVV (Witten-Dijkgraaf-Verlinde- 
Verlinde) equation 

^dtadhdtj 1 dtfdt c dt d ~ ^dtadUdtJ 1 dtfdt h dt c ' ( } 

e,/=0 J e,/=0 

which is a non-linear partial differential equation for the potential $. Here, 
rf h is the inverse matrix of r\ ah : X^o* i] aCr lcb = ^& • 
Now let us define U, V G r(^ri(i(T/v/)) by 

W(X) = Eol, (11) 
V(X) = V X E-^X, (12) 
and let 7r : C x x M — > M be the second projection. Define a connection 

on tt*Tm, where Slj XxM denotes the cotangent sheaf of C x x M, by 

V X Y = V x Y-\xoY, (13) 

V dh Y = d n Y + ±U(Y)-±_V(Y), (14) 

for X and K which are pull-backs of local sections of Tm to C x x M and h is 
the inhomogeneous coordinate of P 1 , and extend it by the Leibniz rule. Note 
the H here is the notation by Givental and corresponds to 1/z in Dubrovin's 
papers [Oj, [H]. V is called the first structure connection of the Frobenius 
manifold M. The following Theorem El is a keystone in the theory of Frobe- 
nius manifolds: 

Theorem 5. V is flat. 

For the proof, see the references at the beginning of this section. One 
can see from the proof that the flatness of V encodes many of the axioms of 
Frobenius manifolds. 

(114)1 can be considered as a family of meromorphic connections on P 1 
parametrized by M, and the flatness of V means that this family is isomon- 
odromic. One can see from ()14j) that this meromorphic connection has a 
regular singularity at infinity and an irregular singularity of Poincare rank 1 
at the origin. 
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Definition 6. A point p on a Frobenius manifold M is semisimple if the 
product structure o on the tangent space T p M of M at p is semisimple (i.e., 
if there are no nilpotent elements). 

By Dubrovin j^j, there exists a local coordinate {ui\f =l satisfying 

diodj^Sijdi, (15) 

N 

E = ^Uidi, (16) 

i=l 

where <9j = in the neighborhood of a semisimple point. Since 

g{di,di) = g(d h dj o dj) 
= g{diodj,dj), 

di and dj are orthogonal for % ^ j. This coordinate {ui]f =1 is called the 
canonical coordinate, which is unique up to permutations. By (fTHjl and (fTfij) . 
{ui\f =l is characterized as the set of eigenvalues of U. 
Let 

fi = A~ 1/2 di, i = l,...,N, 
be the normalized canonical vector field, where 

A; = g(d h di), 

and define an N x N matrix \l/ a j by 

N q 

8=1 

a i is the coordinate transformation matrix from the normalized canonical 
coordinate to the flat coordinate. The operator U defined in |IT| is diagonal 
in the normalized canonical coordinate: 

N 

U{di) = ^Ujdj o di = Uidi. 
i=i 

Let U, V be the matrices representing the operators U, V in the normalized 
canonical coordinate. Then 

U = diag(«i, . . .,u N ) 
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and ([H|) becomes 

d h Y + \aJY - \VY = 0. (17) 
nr n 

By Dubrovin [TT], Lemma 4.3., there exists a unique N x iV-matrix- valued 
formal series 

R(H) = 1 + R 1 H + R 2 h 2 + ■■■ 

satisfying 

R'ityRi-h) = 1 

such that 

Y = R(h)Y 

transforms ()17j) to 

hd H Y + UY = 0. (18) 

Here, •* denotes the transpose of a matrix. Since (fT%|) has a fundamental 
solution of the form 

Y = exp[U/h], 
()14|) has a formal fundamental solution of the form 

formal = *R(h) exp[U/h] (19) 

in the flat coordinate. 

Definition 7. For < < tc, a straight line / = {/?- G C x | arg(ft) = 0, 0— 7r} 
passing through the origin is called admissible if the line through and Uj 
is not orthogonal to I for any i ^ j. 

Fix such a line, and choose a small enough number e > so that any line 
passing through the origin with angle between — e and + e is admissible. 
Define angular domains -D rig ht, Aeft and _D_ by 

A-ight = {frGC x |0-7r-e< arg(ft) < + e}, 
Acft = {heC x | - e < arg(fr) < + 7r + e}, (20) 
D- = {H E C x | - 7T - e < arg(ft) < - 7r + e}. 

See Figure El Since the singularity at the origin is irregular, the formal 
solution $formai(^) does not converge. Nevertheless, by [TT] Theorem 4.2., 
there exist unique solutions $ r i g ht(^) and $i e ft(^), defined on the angular 
domains -D r ; g ht and D\ e f t respectively, which asymptote to the same formal 
solution: 

^right/left ~ $ formal aS H — > in -D r ight/left ■ 
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I 




Figure 1: An admissible line and angular domains 

Since these two solutions satisfy the same linear differential equation on D_, 
there exists a matrix S independent of h such that 

$left(£) = $right(fr)S, hED_. 

This matrix S is called the Stokes matrix. 

3 Gromov-Witten invariants 

Let X be a smooth projective variety over C. For simplicity, let us assume 
that H k (X; C) = for odd k. 

Definition 8. (/, C,p±, . . . , p n ) is a stable map to X of genus g with n marked 
points if C is a complete curve of arithmetic genus g with at worst ordinary 
double points, (pi, . . . ,p n ) is an ordered set of n points on C, f : C — > X 
is a regular map and the automorphism group of / is finite. In this case, 
/*[C] G H 2 {X, Z) is called the degree of /. 

Let Mg : n(X; d) be the moduli space of stable maps to X of degree d and 
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genus g with n marked points. We have the evaluation map 
evi : Mg, n (X; d) — ► X 

(f,C,Px,...,p n ) I ► ffa). 

Let £j be the line bundle on M. gtn (X; d) whose fiber over (/, C,pi, . . . ,p n ) G 
A4 gtn (X; d) is the cotangent space T*C at the z-th marked point p^ The 
virtual dimension of A4. g>n (X; d) is 

(l-(7)(dim c X-3)+ / c x (TX)+n, 

where C\(TX) is the first Chern class of the tangent bundle of X. Given n co- 
homo logy classes 71, . . . , 7 n € H*(X;C) and non- negative integ ers d\ } . . . , d n} 
the Gromov-Witten invariant is defined by 

» n 

(r dl 7i, • • • , r dn 7n) s ,d = /_ ]T (<*(£)* U ev*( 7i )) . 

J[M B , n (X;d)]™* . , 



Here, [vM 9in (X; d)] virt is the virtual fundamental class |24j . 

Let {Taj^Q 1 be a basis of H*(X; C) and let {ta}^) 1 be the corresponding 
coorinate of H*(X;C). Set degt a = degT a = k when T a e H k (X;C). 
Assume that the basis {T a }^~Q are taken so that T is the basis of H°(X; C). 
Let 

N-l 
a=0 

The following formal power series $(7) in {ti}^ 1 is called the Gromov- 
Witten potential: 



ni 

n=0 d£H 2 (X,Z) „ times 



Since 




- ( Tp, . . . , Tq , . . . , Tn-1, ■ ■ ■ , Tjv-i ^o^— 

a l =rl ao times ctjv-l times 

where a = (a , . . . , ajv-i) is a multi-index, |a| = a + • • • + a/v-i, a! = 
ao' ■ • • Qtjv-i! and t a = to° ' ' '^if-i ■> ^ * s the generating function of the 
Gromov-Witten invariants. 
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Theorem 9. When the Gromov-Witten potential $ converges in some do- 
main D in H*(X; C), D has a structure of a Frobenius manifold with $ as 
a potential function. 

See the references at the beginning of section[2]for details. The above the- 
orem means that although the moduli space of stable maps of genus zero are 
divided into connected components by the degree and the number of marked 
points, the Gromov-Witten invariants as a whole have a strong structure 
so that together they turn H*(X;C) into a Frobenius manifold. A part of 
the Frobenius structure is a product structure on the tangent bundle. Since 
TH*(X; C) = H*(X; C) x H*(X; C), it is a product structure on H*{X; C) 
parametrized by H*(X;C) itself. By the Point Mapping Axiom in Gromov- 
Witten theory, this product structure is a deformation of the usual cup prod- 
uct on the cohomology ring, and is called the quantum cohomology ring. The 
metric g is given by the Poincare pairing on the cohomology group. The unit 
vector field is 

d_ 

the Euler vector field is 

*- Ed E <*> 

a=0 a degt{,=2 

and the charge is 

D = 2 - dim c X. 

Here, r b e Z is defined by 

Cl (TX)= r b T b- (22) 

degt 6 =2 

The WDVV equation (jl()j) is a highly non-trivial differential equation for 
the Gromov-Witten potential $, which allows us to compute all the genus- 
zero Gromov-Witten invariants from a few initial conditions in special cases. 
Fro the Gromov-Witten invariants of rational surfaces, see, e.g., [3], [7j, jH], 
|12j . [To] . [2*2] and references therein. 

4 Mirror symmetry for toric manifolds 

In this section, we review the mirror symmetry for toric varieties. See also 

0, p, EE Wi- 
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Let £ be a complete fan m N = Z, n and be the corresponding toric 
variety. We denote the primitive generators of one-dimensional cones of £ 
by { v k}ktl, v k — ( v ki, ■ ■ ■ , Vkn) G Z n . Here, r is the Picard number of Xs. If 
we put M = Hom(iV, Z), we have an exact sequence 

M -> Z rt+r -> // 2 (X E ; Z) -> 0, 

where the homomorphism M — > Z n+r is defined by 

M3m^ {m{v k )) n k i[ E Z n+r . 

Choose a basis {T a } r a=1 of // 2 (X;Z) and let i = (ii,...,i r ) be the corre- 
sponding coordinate of H 2 {X]'L). One-dimensional cones in £ correspond 
to line bundles on X-%, and let be the first Chern class of the line bun- 
dle corresponding to the one-dimensional cone generated by v^. Define an 
(n + r) x r-matrix rrika by 



^m ka T a . (23) 



0=1 



Now, following Givental, introduce an H*(X^; C)-valued formal function 
J(t , *; h) of t G H°(Xx; C),te H 2 (X^ C) and H G C x by 



M) =e«°+«>/« e /n "bir!'m! - (24) 

deH 2 {X s ;Z) cS k=l LLl=-oa\ W k ' ln ) 



Here, Tt = T\t\ + ■ ■ ■ + T r t r , H 2 (X^; Z) cff C H 2 (X^; Z) is the cone spanned 
by the homology class of curves and 

n d _ {d,Ti) ld,T r ) 

where q a = exp(t a ), a = 1, . . . , r and (•, •) is the pairing between homology 
and cohomology. 

It follows from ()24|) that the /-function satisfies the following set of hy- 
pergeometric equations of the GKZ (Gelfand-Kapranov-Zelevinski) type: 

D d I = 0, deH 2 {Xx;Z), (25) 

where 

-(w k ,d)-l (w k ,d)-l 

Dd =i d n n Uki ~ n n u »> 

{w k ,d)<0 1=0 (w k ,d)>0 1=0 
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a 



^mkaft-r^ lh 



a=l 



From now on, we assume that the anticanonical bundle —Kx s of the toric 
variety is nef. Note that although /-function is an infinite series in 
both positive and negative powers of ft for general X-%, it contains only non- 
positive powers of ft when —Kx s is nef. This follows from the fact that 
exp[— (to + Tt)/h]I is homogeneous of degree zero with respect to the degree 
assigned as 



degWi = degh= 1, deg(q d ) = (d, Cl (TX s )). 



(26) 



Therefore, the coefficient of a positive power of ft must have a negative degree, 
which is impossible when —Kx s is nef. 

I learned the following Lemma fTUl from H. Iritani: 

Lemma 10. When the anticanonical bundle —Kx s of a toric variety X^, is 
nef, there exists a domain D C H 2 (X^; C) such that I(to,t; ft) converges for 
any t £ H°(X S ; C), t E D and \ ft\ > 1 

Proof. Fix a norm || • || on H*(Xj;;C) such that ||^r|| < ||u;||||r||. Let C\ be 
a positive number satisfying 



sup 

=1, l>l, k=l,...,n+r 



\Wk\ 



1+ m 



1 + 1K 



Then for ft G C such that \ft\ 



n+r 



n 



nl-oo^k+ift) 



in 



(d,w k ) 
l=~oo { 



W k + I ft) 



< 



n 



{d,w k )<0 



n 



\{d,W k )\\ cE n+r ]{d}Wk}] 



{d,w k )>0 



[d, w k )\ 



< 



a 



\d\ 



(d, Cl (X))\ 



Here, Ci is some positive number and \d\ = 
second inequality follows from 

ni\n 2 \ ■ ■ -n k \ < (n% H h n k )\, 



(d,T 1 )\ + --- + \(d,T r )\. The 



1 



1 



ni\n 2 \---n k \ {n\ H V n k )\ 

1 



< 



(ni 



< 



ml 



[m 



n)\ 



+ n k ) 
if n < m. 



ni H Vn k 

rii, ■ ■ ■ ,n k 

^.niH \-n k 
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and 

n+r 

J2(d,w k ) = (d, -K Xs )>0 

k=l 

since d is an effective class and —Kx s is nef. Therefore, if we define D = 
{t G i/ 2 (X s ; C) | q a < 1/C 2 , a = 1, . . . ,r.}, the /-function converges when 
\h\ = 1 and t G D. Since the /-function contains only non-positive powers of 
h, it also converges when \h\ > 1 and t G D. □ 
Now, let us introduce another H*(X^; C)-valued formal function J(to, t; K) 
of t G //°(X S ; C), t G i/ 2 (X s ; C) and h G C x as follows: First, define a set 
of i/*(X s ; C)-valued formal functions {s a }a=o of {t a }a=o 

oo N— 1 oo _ 

= T a + ^ 7T"- 1 E E E fci < r « T - T ^ 7, • • • , 7)o,dT 6 , 

n=0 b=0 k=0 deH 2 (X s ;C) ' TTSir 

where 

r 

7 = E taTa ' 

a=0 

Here, T a is the Poincare dual of T a : 

g(T a ,T b ) = 6 ab . 

Then it follows from the topological recursion relation that 

3s 

h-^=T b os a , 6 = 0,l,...,r. (27) 

See, e.g., [Oj Proposition 10.2.1. Note that (|2Tj) is the t^-part of the differential 
equation for flat sections of the first structure connection (jlHj) . Now define 
the GiventaVs J- function by 

2V-1 
a=0 

Since i/*(X 2 ; C) is generated by i/ 2 (X s ; C) as a ring, there exists a set 
of polynomials {P a { )}^L 1 of r variables such that 

T a = P a (T u ...,T r ), a = 0,l,...,iV-l. 

Since 

T a oT b = T a UT b + 0(q) 
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by the Point Mapping Axiom, there exists a set {P a (xi, . . . , x t )}^ = q of poly- 
nomials whose coefficient is a formal power series in q such that 

P a (h J- + T 1 o,...,h^- + T r o)l = T a , a = 0, 1, . . . , N - 1. 
Ot i ot r 

Then, since 

Jv-i / o O \ 

P(^x, . . . , hd r )J =J^g [s a , P(h— + T x o, . . . ,H— + T r o)lJ T a 



for a polynomial . . . , x r ), 

N-l 

sa = Y<9 (h{m, . . . , ^<9 r ) j, t„) T b . 

6=0 

To sum up, we have introduced two JJ*(Xs; C)-valued formal functions 
I(to,t; K) and J(t ,t; h). The /-function is defined in terms of the combina- 
torial data of the fan S defining and satisfies a set of hypergeometric 
differential equations (J2*5j) of GKZ type. The J-function is defined in terms 
of the Gromov-Witten invariants of Xs and encodes the information of the 
solution to the equation (j2ZJ), hence the structure of the product o. 

The mirror theorem by Givental (see [15] Theorem 0.2, Proposition 6.4, 
and the discussion at the end of section 7) gives the relation between the 
J-function and the J-function as follows: Since —Kx s is nef, all the variables 
g a 's have non-negative degrees, see (|26|). It follows from the homogeneity of 
exp[— (t + Tt) /h]I(t ,t; h) that the J-function has the form 

I(t ,t; h) = e (*>+™)/» (jW(g) + (I^\q) + J^g))^ 1 + 0(/T 2 )) , (28) 

where I^(q) and I^°\q) are JJ° (X s ; C)-valued and I^(q) is JJ 2 (X 2 ;C)- 
valued. Then, the J-function is given by 

J(t ,t;h) = I(t ,t; h)/I {0 \q) 

= exp[(t + Tt)/h] (1 + I^iq)- 1 (J (10) (g) + I {U) (q)) fT 1 + 0(/T 2 )) 

= exp [((t + J(°)(g)- 1 j( 1 °)(e 9 )) + (t + J^g)"^ 11 ^))) /H] (1 + 0(/T 2 )) 

= exp [(t + Tt) /h] (1 + 0{h- 2 )). 

Here, we have performed a homogeneous coordinate transformation 

to = t + J(°)(g)- 1 j( 1 °)(g), F= t + /( 0) (g) _1 / (11) (g), 

called the mirror transformation. Since the J-function is convergent, the 
mirror transformation and the J-function are also convergent. 
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5 Stationary-phase integral and Stokes ma- 
trix 



Let v o = (0, . . . , 0) G Z n , and C Z n be the set of primitive generators 

of one- dimensional cones of the fan E in Z n defining a toric variety X^ as 
in section HJ We assume that the anticanonical bundle —Kx s of X^ is nef. 
Define a Laurent polynomial W by 

n+r 

W(x 1 ,...,x n ) = J2 c ^T 1 ---^ kr - (29) 

fc=0 

W defines a regular function on the algebraic torus (C x )™. By Kouchnirenko 
|23j . the number X of critical points of W is n! times the volume of the 
Newton polygon of W (i.e., the convex hull of {ufc}£t[) wnen G C, = 
0, . . . , n + r, are general enough. This X is equal to the rank of the total 
cohomology ring i/*(X s ,C) of X s . Let {pi\f =l be the set of critical points 
of W. They are functions of {cfc}£lj. Fix a complete Kahler metric on the 
algebraic torus (C x ) n . For a general H, let Ti(H) be the descending Morse 
cycle for y\t(W/K). The image of Ti(h) by W is a half-line starting from 
the critical value W(pi), and the fiber above a point p on this half-line is 
the cycle in W~ 1 (p) which vanishes at p^ by the parallel transport along this 
half-line. Following Givental ^3], for i = 1, . . . , X, consider the integral 

Z % = ^h)- n ' 2 [ e^ dXlA,,,A&n . (30) 

JTi{h) x l ' ' ' x n 

This integral is invariant under the natural action of the torus (C x ) n on itself 
defined by 

(C x ) n 3 (a x , ...,a n ) : (xi, ...,x n )^ (aiXi, . . .,a r x n ). 

Therefore, if we define the variables {t a } r a =o by to = Co and 

exp(ta) = C\ la ■ ■ ■ c n+r . , a — 1, ... ,r, 

where mfc a 's are defined in ((2HJ), 2T«'s depend on {cfc}^ only through {t a }^ =0 . 

It is easy to see that Zj's satisfy the same differential equations (j2SJ) as 
the /-function. Since the solution space to these differential equation is an 
X-dimensional C- vector space and {T i }^ 1 are linearly independent, the set 
of components of the /-function and {Ti\f =l differ only by an ^-dependent 
linear transformation. 
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The ^.-dependence of 2j is simple. If we assign degree 1 to variables to, ft 
and {xi}2 =1 , and degree r a to the variable exp(i a ) for a = 1, . . . , r where r a 's 
are defined in (}22|) . Z; is homogeneous of degree —n/2: 



, d d d n 

h Oh + to dfo + ^ ra df a + 2 

u a=l 



X 4 = 0. (31) 



The important point is that the ft-part (|14jl of the differential equation for 
the H 2n (Xj;] C)-component of a flat section of the first structure connection 
is precisely the homogeneity condition ([310: Assume that a section Y of 7r*T^ 
satisfies 



V X F = v x y - o Y = 
ft 

for any section X of tc*Tm- Then 

ftVo, 7 = hd h Y + ~U(Y) - V(Y) 

= hd h Y + \e o Y - V(Y) 
ft 

= hd h Y + V E Y -V{Y). 
Note that for the flat coordinates {ta}^^, 

V(d a ) = 

L 

/ AT 1 

deg tb , „ v-^ \ 2 — n 




2 )*6^6 + ^ r c 9 c J —d, 

deg t c =2 



a 



n - degt a 



9 a . 



Since V e counts the degree, this differential equation requires the H k (X^; C)- 
component of the flat section of the first structure connection to be homoge- 
neous of degree (n — k)/2. 

Now, recall that by Givental's mirror theorem, /(^(g)" 1 /^, t; ft) coin- 
cides with the J-function, which have the same dependence on {t a }^ =0 with 
the H 2n (X-£] C)-components of the flat section for the first structure con- 
nection. Then, since the stationary-phase integrals ([30)1 have the same de- 
pendence on {t a }a=o as the /-function and satisfies the desired homogeneity 
condition flUTJ), 1^ (q)- 1 !^, t; ft) gives the H 2n (X^; C)-component of a flat 
section for the first structure connection for i — 1, . . . , N. 
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By the saddle-point approximation, 



I {0) (q)-% 



/(<%)- 



det 



d 2 W 




(l + 0(h))e 



w(jh) (32) 



Pi,l ■ ■ -Pi,n 



dxidx. 



m 



/ l,m 



as \h\ ^ with axgh fixed, where pi = (pi,x, ■ ■ ■ ,Pi, n ) G (C x ) n is the i-th 
critical point of W. This gives the asymptotic expansion appearing in (jl9j) . 

Since the Stokes matrix acts on all the components of the fundamen- 
tal solution equally, it is enough to compute its action on the if 2n (X s ;C)- 
component computed above. The integration cycle Ti(h) in (fHU|) undergoes a 
discontinuous change when h crosses the line such that the half- line starting 
from the critical value Ui in the direction of — ftr 1 passes through another 
critical value Uj. Therefore, Xj is not holomorphic on such a line. Since 2j 
has a monodromy, it is impossible to obtain a holomorphic function on the 
whole ^,-plane by analytic continuation, but one can obtain a holomorphic 
function on the two angular domains Acft and -D rigri t defined in Section El 
as follows: Consider the local system on C x whose fiber over He C x is 
the relative homology group H n ((C x ) n , d\t{W/h) <C 0;Z). Define two sets 
of sections {T i^ cit (h)}f =l and {rj I . ight (/i)}^ 1 of this local system on L> le f t and 
-Dright by the condition that they coincide with the classes defined by the de- 
scending Morse cycles at h = exp[(0 + 7r/2)-\/— T] and h = exp[(0 — 7i/2)\/— 1] 
respectively; 



Since Dy e f t and D right are simply-connected, these conditions determine r i le f t (/i) 
and Tj right^) uniquely. Define X i)left (resp. X ijright ) by the integral (JHU|) with 
rj,ieft(fr) (resp. T iiTight (h)) as the integration cycle. Then X iMt (resp. Zi >r i g ht) 
are holomorphic and have the asymptotic behaviors as h — > in -Di c f t 
(resp. r; right ). 

Figure El shows the images IYs of rj right (^)'s by W at h — 1. Here, we 
have assumed that the imaginary axis 9lz(h) = is admissible, and have 
chosen it as an admissible line /. Figure 01 shows the images Tj/s and r i)7 .'s 
of r^ft^'s and r iirig ht(fr)'s by W at H = -\f-\. 

Since the integrand is single-valued, the Stokes matrix is given by the 
transformation matrix between these two sets of cycles. To describe it, let us 
first choose a regular value p G C such that 9^c(p) is small enough so that the 
line segment q from the i-th critical value to p is above Cj for any j > i 
(i.e., if x G Q, y G Cj and ?Rt(x) = £He(|/), then 3m(x) > 3m(y)). Then, the 
ordered set of cycles {Ci)f =1 in W' 1 ^), which vanish along the paths (ci)f =l 
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respectively, forms a distinguished basis of vanishing cycles, see e.g. 0. It is 
obvious that 

ri,Mt(^) = ri,ri g ht(fi)- 

in H n ((C x ) n ,9\t[W/h] < 0;Z) in the neighborhood of H = -^l. As for 
^(ft), it follows from the Picard-Lefschetz formula that 

^.leftCO — r2,right(^) ~ (Cl, C^jTl^ighti^) , 

where (•, •) is the intersection form in if n (W (p); Z). In the same way, we 
have 

rj,left(^) = rj,right(^) — (Ci-1, C^IVl^ight \K) — • • • — (Cl, Cj) fright (^) , 

by successive use of the Picard-Lefschetz formula, from which 

r i if i = j, 

= < -(Ci,Cj) iSi<j, (33) 
y otherwise 

follows. 



6 Intersection numbers of vanishing cycles 

Now we consider the toric variety Y which is the projective plane blown-up 
at 6 points including infinitely-near points. Figure |U shows the generators of 
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the one-dimensional cones of the fan defining Y. 




?'3 



''5 



V 7 



V9 



v = 


(0,0), 


V\ = 


(1,0), 


v 2 = 


(0,1), 


v 3 = 


(-1,-1) 


V A = 


(-1,0), 


v 5 = 


(o,-i), 


v& = 


(-1,1), 


v 7 = 


(1,-1), 


v 8 = 


(-1,2), 


v 9 = 


(2,-1). 



Figure 4: the toric data of Y 

Y is deformation-equivalent to cubic surfaces, and — Ky is not ample but 
nef. The mirror for Y is defined by 1)29)1 . which we specialize to C3 = c% = 
eg = 1 and q = for i 7^ 3, 8, 9, to obtain 



x 2 y 2 I 



W(x,y) = — + — + . 

y x xy 



(34) 



which is generic in the sense that all the critical points are non-degenerate. 
In this case, jy -1 (0) is a Fermat curve in (C x ) 2 : 

W-\0) = {{x, y) e (C x ) 2 I x 3 + y 3 + 1 = 0}. 

W has nine critical points {pij} 2 j=o, Pij = (a; J+J_1 , a; 2 - 3 '), where we have 
fixed a primitive cubic root uo of unity. Let be the vanishing cycle in 
W /_1 (0) which vanishes at the critical point along the straight line from 
to the critical value 3cg> 1- \ Then (C 00 , C 01 , C 2, C 10 , C u , C 12 , C 2 o, C 21 , C22) 
is a distinguished basis of vanishing cycles. 

Figure El shows these vanishing cycles with orientations chosen by hand. 
Opposite sides of the square is identified to form a torus, and the circles 
denote nine points which are missing in W /_1 (0) since it is not compact. 
Note that the quotient of W~ l (0) by the action of Z/(3Z) generated by 

(x,y) 1 ► (ujx,uj 2 y). 



is 



(X, Y) e (C 



x\2 



X + Y + 



XY 







appearing in Seidel's work [26J. This action is given by the translation in the 
direction of the diagonal line from the lower-left corner to the upper-right 
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Figure 5: Vanishing cycles in 1 (0) 



corner of the square in Figure El by one-third of the length of the diagonal 
line, and the quotient by this action is exactly Figure 2 in |2fij . 
Intersection numbers of C^'s are 

(Q„C lk ) = itj^k, 

and 

(C ij7 C kl ) = -l iii<k. 

7 Derived category of coherent sheaves 

Let Z/3Z act on a three-dimensional vector space V = C 3 by 

Z/3Z 3 [1] : V 3 {x : y: z) ^ (ux : u 2 y: z) e V 

where u is a primitive cubic root of unity. This action defines an ac- 
tion of Z/3Z on P 2 = P(V), and the toric variety Y defined in Sectional 
is the minimal resolution of the quotient P(V)/(Z/3Z). By Beilinson jl], 
(Sq, 81,82) = (Op2(— 1), fi P 2(l), Op2) is an exceptional collection generating 
Z} 6 cohP 2 , and by Kapranov-Vasserot [2*T] . we have 

D b cohY = D 6 coh z/3Z P 2 . 



21 



Here, 0$a(—l) is the tautological sheaf, fi p2 (l) is the cotangent sheaf tensored 
with the dual of 0pa(— 1), and coh z / 3Z P 2 is the category of Z/3Z-equivariant 
coherent sheaves on P 2 . Now, let £y be the object of D b cohY corresponding 
to the Z/3Z-equivariant coherent sheaf Si <g> pj on P 2 by the above equiva- 
lence. Here, pj : Z/3Z 3 [1] i— > uP G C x is a one-dimensional representation 
of Z/3Z. Then (£ o, £oi, £02, £io, £u, £12, £20, £21, £22) is an exceptional col- 
lection generating D b cohY. The Ext-groups between them can be calculated 
as follows: First, we can use the exact sequence 

-> fi p2 (l) -> V v <g> C p2 -> O p2 (l) -> 

to compute the Ext-groups between £j's: 

MHom(5i,5 2 ) = MHom(O p2 (-l),{V rV ®C P 2 -^0 p2 (l)}) 

= Rr(C p2 (l)®{\/ v ®C P 2 -»0 p2 (l)}) 

= Mr({V rV ®C p2 (l) ^C p2 (2)}) 

= {\/ v ®V v ^5ym 2 V v } 

= AV V , 

KHom(5i,5 3 ) = MHom(O p2 (-l), C» p2 ) 

= Mr(O p2 (l)) 

= v\ 

MHom(£ 2 ,£3) = MHom({y v <g> O p2 -> Opa(l)}, C^) 
= RT({Opa(-l) -> V® O p2 }) 
= 1/. 

Here, MHom and Mr denote the right derived functor of Horn and V (taking 
global sections) respectively. Then the Ext-groups between S^s are given by 

Ext k (Sij, Sim) = Ext k (Si® Pj,Si® p m ) 

= (Ext fc (^,^)®P, V ®p m ) Z/3Z , 

where » Z / 3Z denotes the Z/3Z-invariant part. Therefore, the dimension of 
Ext fc (£jj, Si m ) is non-zero if and only if 

i = I, j = m and k = 0, 

or 

j < I and k = 0, 

and the dimensions in all these cases are one. Therefore, we have 
2 

-(C tJ ,Cim) = ^(-l) fc dimExt fc (%£ im ) if % < I and + (l,m), 
which, combined with (|3*3*|) . proves Conjecture Q for Y. 
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